We derive the equations of motion for the octet pseudoscalar, vector and axial-vector mesons in the improved soft-wall AdS/QCD model with 2 + 1 flavors, and calculate the octet meson spectra and relevant decay constants, by which the model parameters are determined. Then we investigate the chemical potential effects on chiral thermal transition, and obtain the QCD phase diagram in the µ − T plane. The critical end point linking the crossover transition with the first-order phase transition still exists and locates at (µ B , T c ) (390 MeV, 145 MeV). The crossover line and the location of CEP obtained from the model agree with the lattice result and the experimental analysis from relativistic heavy-ion collisions. We find that the improved soft-wall model can give a consistent description for both the chiral phase diagram and the main properties of low-energy hadron physics in the 2 + 1 flavor case.
I. INTRODUCTION
As an important research area of quantum chromodynamics (QCD), there are still many puzzles on the phase transition of strongly interacting matters. Lattice simulations show evidence that the QCD matters exhibit a crossover transition with the increasing of temperature T at zero baryon number density [1] [2] [3] . It is generally believed that there is a critical end point (CEP) at some finite baryon density in the QCD phase diagram, and the crossover transition converts into the first-order one as the baryon chemical potential µ B increases beyond the CEP [4] [5] [6] . The physics of the CEP and the search of it are crucial for our understanding of the QCD phase diagram, which have attracted extentive studies for decades, both theoretically and experimentally [7, 8] . However, no final conclusion has been reached on these matters. Lattice QCD as the first-principle calculation is hindered by the sign problem at finite chemical potential, though some tentative methods have been proposed to address this issue [9] [10] [11] [12] . The QCD phase diagram with the properties of CEP were also studied in various effective models, see Ref. [7] for a review.
In this work, we continue the holographic QCD program aimed to study the low-energy physics of strong interaction in terms of the anti-de Sitter/conformal field theory (AdS/CFT) correspondence [13] [14] [15] . There have been large amounts of research works on the low-energy hadron physics and the thermal QCD phenomenons in this field over the past decade . We focus on the realization of chiral phase transition in AdS/QCD, especially on the CEP-related properties of the QCD phase diagram, some of which have been considered from holography in recent years [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] . However, it is not that easy to give a consistent description for both the low-energy hadron properties and the QCD phase transitions in a single holographic framework.
In Ref. [79] , we proposed a simply improved soft-wall model with good realization of linear confinement and spontaneous chiral symmetry breaking in the two-flavor case. The light meson spectra and the properties of chiral transition obtained from this model conform well with the experimental or lattice results. We then generalized the improved soft-wall model to the 2 + 1 flavor case, in which a 't Hooft determinate term of the bulk scalar field turns out to be crucial for the description of the quark-mass phase diagram [80] . The chemical potential effects on chiral transition have also been studied in the improved softwall model. The QCD phase diagram in the µ − T plane was obtained, and the CEP linking the crossover transition with the first-order phase transition can be naturally produced [81] . Nevertheless, the model parameters used in the previous studies have been artificially tuned to realize the correct chiral transition behaviors, without any constraint from the low-energy hadron physics, e.g., the meson spectra with 2 + 1 flavors. Thus one may question if the same transition behaviors can be realized in the 2 + 1 flavor case when considering such low-energy hadron properties.
To check further the validity of the improved soft-wall model and to give more realistic characterizations for the low-energy physics of QCD, we constrain the model parameters by the octet meson spectra and the related decay constants, then investigate the relevant properties of chiral transition at finite baryon chemical potential. It will be shown that consistent results can be obtained for both the low-energy hadron properties and the chiral transitions, just as in the two-flavor case [79] . The CEP in the µ − T phase diagram still exists and locates at (µ B , T c ) (390 MeV, 145 MeV), which is consistent with the lattice or experimental indications.
The remaining part of the paper is organized as follows. In Sec. II, we outline the improved soft-wall model with 2 + 1 flavors. In Sec. III, we first derive the equation of motion (EOM) for the octet pseudoscalar, vector and axial-vector mesons, then fix the model parameters by calculating the octet meson spectra and the related decay constants. In Sec. IV, we investigate the chiral transition behaviors at finite µ B , and calculate the µ − T phase diagram from the model. In Sec. V, we give a brief summary of our work and conclude with some remarks.
II. THE IMPROVED SOFT-WALL MODEL WITH 2 + 1 FLAVORS
The improved soft-wall model is built on the pure AdS 5 space in terms of the metric ansatz:
with η µν = (+1, −1, −1, −1) and
, where the AdS radius will be taken as L = 1 for simplicity.
The bulk action of the improved soft-wall model can be written as
where the covariant derivative of the bulk scalar field has the form of
L,R λ a , λ a being the Gell-Mann matrices and Tr(T a T b ) = Now we consider the meson spectra with 2 + 1 flavors and the relevant decay constants, which can be used to determine the model parameters µ g , µ c , γ and λ. The parameter µ g can be fixed by the ρ meson spectrum, while γ and λ can be determined by the π meson spectrum and the pion decay constant. The parameter µ c is strongly correlated with the critical chemical potential at the CEP and also affects the global fitting of the octet meson spectra. The physical quark masses m u,s are also slightly adjusted within the error range of experiments in order to give the best fitting for the ground-state masses of the octet pseudoscalar mesons. We first derive the EOMs of the octet pseudoscalar, vector and axial-vector mesons from the linearized bulk action (2), then we calculate the mass spectra of the octet mesons and fix the model parameters, the values of which are listed in Table I .
B. Octet pseudoscalar mesons
Following the usual procedure, the bulk scalar field X can be expressed as
with π a being the pseudoscalar fields and S a (S 0 ) being the SU (3) octet (singlet) scalar fields. The scalar part will not be considered in our work. In the axial gauge A z = 0, we decompose the axial gauge fields as A a µ = A a µ⊥ + ∂ µ φ a in order to eliminate the cross terms of the pseudoscalar and axial-vector fields. With the Kaluza-Klein (KK) decomposition π a (x, z) = n ϕ n (x)π a n (z), the EOM of the octet pseudoscalar mesons can be derived from the bulk action (2) as
with
which can be solved numerically with the boundary conditions: π a n (z → 0) = φ a n (z → 0) = ∂ z φ a n (z → ∞) = 0. The calculated mass spectra of the octet pseudoscalar mesons are presented in Table II , where the experimental data are also shown for comparison. The data choosing is based on the suggested quark-model assignments for the observed light mesons [82] . We can see that the numerical results of the octet pseudoscalar meson spectra match with the experimental data quite well. TABLE II. The calculated spectra of the octet pseudoscalar mesons compared with the experimental data, which are based on the suggested quark-model assignment for the observed light mesons [82] .
C. Octet vector and axial-vector mesons
The chiral gauge fields are recombined into the vector field
In the axial gauge V z = A z = 0 and with the KK decomposition, the EOMs for the octet vector and axial-vector mesons can be derived from the bulk action (2) as
where the matrix M 2 A is given in (13) and M 2 V takes the form:
Note that the octet axial-vector mesons are incorporated in the transverse part of the axial gauge fields A a µ⊥ . Substituting the redefinition V a n (z) = e ω(z)/2 v a n (z) and A a n (z) = e ω(z)/2 a a n (z) with ω(z) = Φ(z) − A(z) into the above Eqs. (14) and (15), and after some manipulations, we obtain the equivalent EOMs:
The mass spectra of the octet vector and axial-vector mesons can be obtained by solving the eigenvalue problem of Eqs. (17) and (18) with the following boundary conditions:
The numerical calculations for the spectra of vector and axial-vector mesons are given in Table III and IV, where we only present the ground-state data for the axial-vector octet in 
TABLE IV. The model results of the octet axial-vector meson spectra compared with the experimental data, which are based on the suggested quark-model assignment for the observed light mesons [82] .
the light of the uncertainty of experiments [82] . We can see that the results obtained from the improved soft-wall model are consistent with the experimental data except for the isosinglet states, i.e., the φ and f 1 mesons. For the vector octet, the matrix M 2 V indicates that the isovector and isosinglet mesons have the same EOM, which leads to the same mass spectrum; while for the axial-vector octet, the terms of chiral symmetry breaking built in M 2 A differ so little from each other that cannot distinguish the masses for the different axial-vector mesons. One might introduce high-order terms into the bulk action to improve the model results of the vector and axial-vector meson spectra without affecting the pseudoscalar part, e.g.,
However, other model parameters will be introduced by this way, thus we will not consider in this work. One can refer to Ref. [30] for the effects of high-order terms on the octet meson spectra.
D. Decay constants of the pseudoscalar and (axial-)vector mesons
In view of the holographic recipe [17] , the decay constants of the octet pseudoscalar mesons f π a can be extracted from the two-point correlation functions of the axial-vector currents as follows where A a (0, z) is the solution of Eq. (15) in the case of m A a n = 0 with the boundary conditions A a (0, 0) = 1 and ∂ z A a (0, ∞) = 0. Note that in the derivation of the decay constants f π a we have taken the limit m π a → 0, which is only a good approximation for π meson [17] .
The decay constants of ρ and a 1 mesons are given by
where V ρ (z) and A a 1 (z) are the ground-state wave functions of ρ and a 1 mesons normalized by dz e
. We show the model calculations for the decay constants f π , f K , F ρ and F a 1 along with the experimental values in Table V , where f π has been used as an input to determine the parameters γ and λ. We can see from Table V that the numerical results obtained from the model are consistent with the experimental results.
IV. CHIRAL TRANSITION AND QCD PHASE DIAGRAM
As the model parameters have been fixed by the octet meson spectra and the relevant decay constants, we now study the chemical potential effects on chiral transition in the improved soft-wall model following Ref. [81] . To introduce the effects of temperature and chemical potential into the model, we use the AdS/Reissner-Nordstrom (AdS/RN) black hole solution as the bulk background with the metric ansatz:
where the charge Q of the black hole is related to the quark chemical potential µ q by Q = µ q z h [64] . The baryon chemical potential is µ B = 3µ q . The Hawking temperature is given by
With the AdS/RN black-hole solution, the EOMs of the scalar VEV χ u,s can be derived from the action (5) as
Under the prescription of AdS/CFT [17] , the UV asymptotic forms χ u,s (z ∼ 0) can be obtained from the above EOMs with the chiral condensates σ u,s now depending on µ B and T . The differences from those in Eqs. (8) and (9) are only incorporated in the high-order terms of z. At finite temperature, Eqs. (27) and (28) admit natural boundary conditions on the horizon z h imposed by the regular property of χ u and χ s , i.e.,
As in Ref. [80] , we can solve Eqs. (27) and (28) numerically with the given boundary conditions to obtain the profile of the scalar VEV χ u,s and thus the chiral condensates σ u,s varying with µ B and T . The chiral transitions of the condensates σ u,s with the temperature T at four different chemical potentials are shown in Fig. 1 , where the distinction between the behaviors of σ u (T ) and that of σ s (T ) is due to the mass difference of m u and m s . We can see that the chiral transitions of σ u,s have a crossover behavior at small µ B , and finally turn into first-order phase transitions with the increasing of µ B . A second-order phase transition happens at µ B 390 MeV, which signifies the existence of CEP in the QCD phase diagram.
We calculate the chiral transition temperature T c at each baryon chemical potential µ B using the prescription given in Ref. [81] . The crossover transition temperature can be defined as the maximum of | ∂σq ∂T |, while the critical temperature of the first-order phase transition is restricted to the range between the two inflections of the transition curve. The µ − T phase diagram obtained from the model is shown in Fig. 2 , where the CEP linking the crossover transition at small µ B with the first-order phase transition at larger µ B has been highlighted by the red point with the location at (µ B , T c ) (390 MeV, 145 MeV). In Fig.  2 , we also show the freeze-out data analyzed from the experiments of relativistic heavy-ion collisions and the crossover line obtained from the analytic continuation of lattice data with imaginary chemical potentials [83] [84] [85] [86] [87] [88] . We can see that the crossover line and the location of CEP given by the improved soft-wall model are consistent with the experimental analysis and the lattice result. However, the descent of T c with the increasing of µ B is too slow for the model prediction. The reason might be that the AdS/RN black-hole background adopted here is too simplified to produce more realistic chiral transitions, as in the case of deconfining phase transition, where one needs to solve the Einstein-Maxwell-Dilaton system with a fine-tuned dilaton potential to obtain the reasonable transition behaviors [45] [46] [47] [48] . We also keep cautious on the reliability of our results obtained from the model at large enough µ B .
V. CONCLUSION AND REMARKS
In this work, we give a further study on the improved soft-wall model with 2 + 1 flavors, which can reproduce the standard scenario of the quark-mass phase diagram [80] . A UVmodified dilaton field was adopted for a better fitting of the ρ meson spectrum. The EOMs for the octet pseudoscalar, vector and axial-vector mesons have been derived from this model framework. The octet meson spectra were calculated and compared with the experimental data. The model results for the octet pseudoscalar mesons agree well with the measurements. For the vector and axial-vector octets, the spectra of the isovector and isodoublet states are also consistent with experiments, yet the masses of the isosinglet states are much smaller than the experimental values. The reason for the mismatch can be seen obviously from the matrices M 2 V and M 2 A . The EOMs of the isosinglet mesons have the same form as those of the isovector mesons for the vector octet, while for the axial-vector octet the chiral symmetry breaking terms are too small to produce large mass difference. A possible way to address this issue is to consider high-order terms of the bulk action [30] . We also calculated the decay constants f π , f K , F ρ and F a 1 , which are comparable to the experimental results. The black-triangle data are taken from Ref. [83, 84] . The green-triangle ones are taken from Ref. [85] . The purple squares are taken from Ref. [86] . The magenta squares are taken from Ref. [87] . The shaded black region shows the crossover line obtained from the lattice simulation with small µ B , and the light blue band indicates the uncertainty width of the simulation [88] .
After fixing the model parameters by the octet meson spectra and the decay constants, we studied the chemical potential effects on chiral transition and obtained the µ − T phase diagram, in which the CEP still exists and locates at (µ B , T c ) (390 MeV, 145 MeV). The crossover line and the location of CEP are consistent with the experimental analysis from relativistic heavy-ion collisions and the lattice results. However, the transition temperature T c at large µ B declines too slowly with the increasing of baryon chemical potential. In our work, the chemical potential effect is brought about by a fixed AdS/RN black hole, yet a more rational way is to consider the whole background system including the dilaton field. Nevertheless, as a preliminary attempt, we have shown that some main features of the lowenergy hadron physics and the chiral phase diagram in the µ − T plane can be captured by a simply improved soft-wall model in the holographic framework.
In order to see whether we can get the expected chiral transition behaviors at large µ B , we shall introduce the effect of chemical potential and temperature by considering the EinsteinMaxwell-dilaton system. In that case, we can also study the chiral and deconfining phase transitions in a single holographic framework. In addition, our model might need further improvement to give a better description for the octet meson spectra and other low-energy hadron properties. The back-reaction effect of the flavor part to the bulk background also deserves to be investigated.
